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Table 1 Summary of frequency content

Time,
s

4.09
10.24
16.38
21.50
26.60

2.04
5.00

10.10
15.20
19.09

1.02
8.18

13.30
17.40
22.52
25.59
28.67

2.04
5.11

11.26
17.40
23.55
28.67

Fl,
Hz

72.5
70.3
68.5
67.3
66.3

73.5
72.5
70.6
69.4
68.3

71.3
71.0
69.4
68.2
66.8
66.2
65.2

80.9
79.4
78.0
76.1
74.2
72.5

F2,
Hz

78.5b

1
71.01i
73.6

T
76.6
^

ir
70.5

4.9
4.8
5.1
4.9
5.0
5.0

F3,
Hz

Round 43
nec

ne
ne
ne
ne

Round 44
ne
ne
ne
ne
ne

Round 45
ne
ne
5.6
5.8
ne
ne
ne

Round 47
ne
ne
ne
ne
ne
ne

Spin, </> 7 , a

Hz Hz

78.4
76.5 6.5
74.5 8.0
73.3

80.3
79.1
77.2 7.0
75.5 6.5
74.5 6.0

84.0
77.2
75.0
73.5

80.3 6.5
79.4 7.0
77.4 7.0
75.4 6.5

Hz

1.0
1.4
1.5

1.0

1.4
1.5
1.4

1.0
1.0
1.5
1.6

a Estimated from yawsonde data.
b Numerical entries joined by lines indicate a range of estimated values.
cNot strongly evident within the reduced data.

44, and 45, the F2 frequency component is approximately
equal to p or p-j>2- Tne F1 frequency response, however,
closely follows p — <A 7 . The measurement of a strain
frequency, say 5, is, of course, made onboard the spinning
projectile. This frequency, when viewed in terms of an Earth-
fixed coordinate system becomes p-s. Hence, we expect that
the fundamental responses of the strain gage bridge will be
p-j); andp-</>2. The frequency resolution is not sufficiently
accurate to distinguish between a response of p or p — </>2, but
the actual response frequency is p-<t>2- Note tnat although
the yawing motion is essentially steady, the spin is decreasing
due to aerodynamic roll damping. Therefore, we expect p- c/>7
to decrease with time; </>, also varies with time, but normally
not as fast as p. The variation in p - $l is primarily due to the
decrease in p.

The behavior observed for round 47, Fig. 3, was unlike the
three other rounds and was quite unusual. This may have been
expected since the liquid payloads in rounds 43, 44, and 45
were similar, but round 47 was not. The Fl component closely
follows /?-</> 2

 anci not /?-</>;, while the F2 component is
approximately 5 Hz. The three other rounds had an in-
termittent or very weak response in the 5 Hz range. Within
Table 1, the F2 response of round 47 was tracked at a very
steady value of 5 Hz. This response could be produced by the
liquid payload. It is also possible that this F2 response is
produced by some mechanism not asociated with the liquid,
perhaps the canisters which are separately keyed to the
projectile body. From Table 1, the F2 response seems to
follow a beat frequency of ( < / > 7 - < / > 2 ) , but there is good
agreement only at the 17.4 s time frame. It is not clear from
physical considerations that F2 is related to </>7 — <£2, and the
flight data do not strongly suggest such a conclusion. At
present, the origin of the F2 response for round 47 was not

produced by the yawing motion, which from the yawsonde
data was damped. This type of response could provide a
resonance mechanism with a fuze. In particular, a common
fuze used on this projectile has a mechanical timer with an
escapement mechanism that oscillates at 80 Hz.

In-flight measurements of strain and the associated
vibrations in the vicinity of the ogive of spin-stabilized
projectiles were made. A vibration history of one liquid-
carrying projectile was quite unusual. For this projectile, a
frequency component equal to the difference between the spin
frequency and the precessional frequency was observed. The
amplitude of this component increased dramatically in the
second half of the trajectory, while the associated yawing
motion measured in that region of the trajectory was quite
stable. This suggests that the energy associated with these
vibrations was growing, but the vibrations were not large
enough to modify the motion of the projectile.
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Nomenclature
= heat capacity per unit volume of the material
= thermal dissipation
= heat transfer coefficient
= heat flow vector
= thermal conductivity of the material
= latent heat of the material

m = dimensionless thickness of the melt removal = hq3 Ik
q1 (t) = unknown surface temperature
q2 (t) = unknown penetration depth
q3 (t) = unknown thickness of melt removal
Q = thermal force

= inverse of Stefan number = pL/cTm
= time
= temperature
= thermal potential
= direction in which heat is applied
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a. - thermal diffusivity of the material
i] = dimensionless penetration depth = hq2 Ik
6 = dimensionless temperature = 77 Tm
p = density of the material
T = dimensionless time = h2t/kc
Subscripts

a = condition of the surroundings
/ = initial condition
m = condition at initiation of melting
s = steady-state condition

Introduction

HEATING and melting of ablating materials with the
removal of melt due to convective or aerodynamic

heating is of great significance in the design of protective
layers of missiles and space vehicles. It is a phase change
problem involving nonlinearity as a result of the moving
boundary in the mathematical model and it is not possible to
find its solution by exact analyses unless a finite-difference
method is employed. This takes much computer time and the
numerical results are restricted to those values of parameters
for which they are calculated. To overcome such a difficulty,
Biot's variational principle, l an approximate analytical
method, has been used in a number of phase change problems
by several investigators.2"9 The phase change occurred due to
melting of solids and the melt was not removed. Biot and
Daughaday10 considered this problem with the removal of
melt for uniform heat flux. The thermophysical properties
were assumed to be constant and the solid was initially at its
melting temperature. It was later solved by Biot and
Agrawal11 using temperature-dependent thermophysical
properties.

In the present analysis, the problem is studied where
melting of the solid occurs due to convective heating ai 1 the
melt is removed as soon as it is formed on the surface c r the
solid. The assumption that the solid is at its melting tem-
perature is removed in order to account for the heating regime
preceding melting. For both regimes, solutions are obtained in
closed form. Numerical solutions are also found.

Mathematical Model
A semi-infinite solid of constant cross-sectional area

subjected to one-dimensional convective heating is con-
sidered. It is initially at a uniform temperature Tt which is less
than the melting temperature of the solid. After time t from
the initiation of heating, qt(t) and q2(t) represent,
respectively, the temperature buildup at the surface and the
thermal penetration depth. With increase in time, both in-
crease and eventually q1 (t) reaches the melting temperature
Tm of the solid. The corresponding penetration depth
becomes Q2m(f)- Assuming the thermophysical properties of
the solid to be uniform, the equation governing heat transfer
during the premelting heating regime (0<t<tm) in terms of
dimensionless variables is

(£>0,0<T<Tm) (I)

The related dimensionless initial and boundary conditions are

0 = 0; i = 0 (r = 0) (2)

(€ = o, 0<r<rm , 0 f l > 0 7 ) (3)
= 0 0 = 0, (£ = ij, 0< r<T m ) (4)

where £ = hx/k.
When heating of the solid is continued for time t greater

than the time for the surface to reach the melting temperature
(t>tm), melting occurs and the melt is removed as soon as it

is formed on the surface. If q3 (t) is the distance of the melt
removed at any time t (t>tm) and during melting q2(t)
denotes the penetration depth measured from the new surface
formed for the heating after removal of the melt q 3 ( t ) - , the
nondimensional equation describing heat transfer in the solid
takes the form

r>Tm) (5)

In this regime, the thermophysical properties of the solid
are taken to be constant. The nondimensional initial and
boundary conditions for Eq. (5) are

? = 7, m = 0

= 7

whereas in the melting process

r = rm (6)

r = rm (7)

r>rm (8)

r>rm (9)

?=w r>rm

(10)

Equation (10) states that the heat supplied by convective
heating is equal to the heat taken to melt the solid to a depth m
and to raise the temperature of this depth from its initial
temperature to the melting temperature and the heat
penetration to the depth 77 measured from the newly formed
surface.

Solution
In order to apply Biot's variational principle to obtain

solutions for both regimes, a temperture distribution of cubic
profile, which yielded reliable results in earlier in-
vestigations, 10'n is assumed in the solid

(11)
Here, 07 is the surface temperature; 77 and m are, respectively,
the penetration depth and the depth of melt removal. They are
unknown generalized coordinates to be determined as func-
tions of time. In the premelting heating regime, the surface
temperature increases with time but does not exceed the
melting temperature of the solid. As a result there is no
formation of melt (m = Q). When they are employed in Eq.
(11), it gives the temperature distribution in this regime
whereas the penetration depth of this equation represents the
depth from the surface £ = 0. For the melting and melt
removal regime, the surface temperature 07 in Eq. (11) stands
for the temperature of the newly formed surface after
removal of melt to the depth m. This surface remains always
at the melting temperature of the solid and the penetration
depth is measured from the new surface.

In nondimensional form, the conservation of energy may
be written as

Div//*= -(0-0,) (12)

where H=kcTmH*h. Using Eqs. (11) and (12), the heat
flowfield becomes

(13)

This equation satisfies the boundary condition [Eq. (4)] in
the premelting heating regime and Eq. (9) in the melting and
melt removal regime.

Knowing the temperature field and heat flowfield, the
Lagrangian equation based on Biot's variational principle is
applied.
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(14)

In this equation, F* is the nondimensional themal potential,
D* the nondimensional thermal dissipation, and Q* the
nondimensional thermal force. They are expressed, respec-
tively,

(0-0,) 2dr?

(dH*/dt)2dri

(15)

(16)

(17)

Employing Eqs. (11) and (13), the Lagrangian equation [Eq.
(14)] in the unknown generalized coordinate 77 reduces to

(18)+ (3/144)ri6j (07 -0,) ] = (5/14) (07 -0,) 2

A. Premelting Heating Regime (r<rm , 77 <r\mtBl <1)
In this regime, m = m = Q;61 is time dependent and less than

the melting temperature of the solid. They reduce Eq. (18) to

(19)

A second relationship between these two generalized
coordinates r; and 07 can be provided by combining Eqs. (3)
and (11):

r]=3(o1-oi)/(ea-o1) (20)

In this equation, m is taken to be zero and it is noted that such
a relationship has been used in earlier studies.3'4 When the
surface attains the melting temperature of the solid (07 = 1),
this equation gives an expression for the penetration depth

rj = r]m=3(l-di)/(0a-l) (21)

Eliminating 77 from Eqs. (19) and (20) gives an equation for
surface temperature

B} = (40/63) (Ba-61)3/(B1-Bi) [ ( 5 7 / 6 3 ) ( B . - B j )

+ ( 3 6 / 6 3 ) ( B 1 - B i ) ] (22)

To obtain the surface temperature time history, Eq. (22) is
solved using Simpson's numerical integration formula. The
limit of intergration is taken from 0, to 1. Its closed-form
solution is also found.

r=A0[A!/(Ba-B1)2-A2/(Ba-BI)
+A3en(8a-81)/(Ba-8i)-A4] (23)

where

A0 = 63/40 A1 = (18/63)(Ba-Bi)2

A2 = (15/63)(Ba-Bi) A3=21/63 A4 = l/21

It satisfies the initial condition [Eq. (2)].

B. Melting and Melt Removal Regime (r>Tm, ri>ym, 07 =/)
Here, 07 = 1, 07 = 0, and m is a function of time. When they

are employed in the Lagrangian equation [Eq. (18)], it
becomes

(24)

This gives a relationship between two unknown generalized
coordinates 17 and m. An auxiliary equation,1'10'11 which
relates them, is obtained using Eqs. (10) and (13)

(25)

(26)

(27)

Combination of Eqs. (24) and (25) gives

where

C1=280[(l-Bi)+St] C2=[35(l-Bi)+112St]/4
C3 = 77(Ba~l) C4=4C2 C5 = 112(Ba-l) €,=280(1-0^

It is noted that this method reduces the nonlinear problem
to an initial value problem giving a pair of ordinary dif-
ferential equations [Eqs. (26) and (27)] with the independent
variable time. A closed-form solution for Eq. (26) is

(28)

which satisfies the initial condition [Eq. (6)] Next, com-
bination of Eqs. (26) and (27) gives

i1 = dm/dri=(C5i)-C6)/(C]-C3r)) (29)

Its solution in terms of penetration depth 17 is

m = B1(<nm-ri)+B2tn(C1-C3rim)/(C1-C3'n) (30)

where

B j = C2 Cj / C4 C3 = C2(C3C6-C1C5)/C4C2

In this regime, the maximum penetration depth is deter-
mined from the fact that r/ = 0. Substituting this in Eq. (26)
gives

^—^=£jQ QIJ

It is the maximum value as it fulfills the condition
d277/dr2=0. It is called the steady-state penetration depth
because the time rate of penetration i] does not assume a
negative value after this condition has been reached. The
corresponding melt removal can be obtained employing Eq.
(31)inEq. (30).

Results and Discussion
To study the behavior of temperature buildup 0 y , thermal

penetration depth TJ, and melt removal m, they are displayed
in Fig. 1. It consists of two regimes. Regime I is the heating
regime where melting is absent and according to Eqs. (20) and
(22), they are dependent on the initial temperature of the
solids 0, and the surrounding temperature 0fl. Their typical
values are taken as 0.1 and 1.3, respectively, in plotting the
graphs in Fig. 1. It is seen that in the initial period of heating
the penetration depth 77 increases very rapidly with the
corresponding rapid buildup of surface temperature 07 . With
a further elapse of time, both of them increase slowly, and
when the surface attains the melting temperature of the solid,
the penetration depth approaches a value 9 which can be
obtained employing Eqs. (21).

In Fig. 2, these results are compared with the results of
exact analysis12 and Goodman's approximate analysis based
on the heat balance integral method.13 It is observed that
there is close agreement. However, the present method
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I PRIUILT HUTIWO RIGIUE
I UELT1MG AMD MELT REMOVAL REG1UE.

--- TtUPERAiyRE TIUE HISTORY
—— PENETRATION DEPTH IN REGIME 1 AND PEUETRATlOM DEPTH

WITH MELT REUOVAL W REG1UEI
•— UELT REUOVAL TIUE HISTORY

Fig. 1 Behavior of temperature buildup 0 y , thermal penetration
depth 17, and melt removal m with time for different values of St taken
as a parameter.

1.0

Fig. 2 Comparison of temperature buildup time history and thermal
penetration depth time history in the premelt heating regime with
available results.

predicts better results as it overestimates by 2.4% the time for
the surface to attain the melting temperature of the solid in
comparison with Goodman's method which underestimates it
by 8.5%. In both methods, a cubic temperature profile is
used. The relation between penetration depth and temperature
buildup at the surface [Eq. (20)] obtained by the present
method is the same as that found employing Goodman's
method.

Regime II represents the melting and melt removal regime
and is controlled by the inverse of the Stefan number S(. In
Fig. 1, melt removal time history and penetration depth time

history are shown with S( as a parameter. The values of S( are
realistic for ablating materials.14 For each value of S(, both rj
and m increase rapidly near the onset of melting and m
achieves a steady-state value as the penetration depth reaches
its steady-state value, which can be obtained using Eq. (31).
With increase in St, 77 increases at any time r, whereas the
corresponding melt removal decreases. Physically, this is true
in view of the fact that at a higher St the solid offers less
resistance to heat transmission than with a lower value of St.
As a result the heat penetration depth is greater and less heat
is available to melt the solid leading to a small value of m.

Conclusions
Heating and melting with melt removal is analyzed when a

semi-infinite solid is subjected to one-dimensional convective
heating. Using Biot's variational method, the mathematical
complexity due to the presence of nonlinearity is reduced and
a closed-form solution is obtained for both the premelt
heating regime and the melting regime. In the latter regime
both 77 and m are dependent on the inverse of the Stefan
number St. The steady-state solution is obtained directly as
the limit of the transient solutions. In the premelt heating
regime, results are obtained close to those of exact analysis
and a heat balance integral method.
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